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1 Introduction 

Donaldson's work on Lefschetz pencils has shown that, after a slight perturba- 
tion of the symplectic form and a finite number of blow-ups, any closed symplec- 
tic manifold [M , to) can be expressed as a singular fibration with generic fiber 
a smooth codimension 2 symplectic submanifold. Thus fibrations play a funda- 
mental role in symplectic geometry. It is then natural to study smooth (non- 
singular) ruled symplectic manifolds (P, 57), i.e. symplectic manifolds where P 
is the total space of a smooth fiber bundle M =— > P — > B and the symplectic 
form fl is such that its restriction to to each M-fiber is nondegenerate. 

In this survey, we present some of the recent results obtained by the authors 
and Leonid Polterovich in |)|, [H], [h|] that show that bundles endowed with such 
structures have interesting stability and cohomological properties. For instance, 
under certain topological conditions on the base, the rational cohomology of P 
necessarily splits as the tensor product of the cohomology of B with that of M. 

As we describe below in § |2|, the bundle M <-^> P — > B corresponding to 
a ruled symplectic manifold, has the group Ham(M, to) of Hamiltonian diffeo- 
morphisms of M for structure group if the base B is simply connected. They 
can therefore be divided into two classes: those whose structural group belongs 
to a finite dimensional Lie subgroup of the group Ham(Af) of Hamiltonian dif- 
feomorphisms of M, and those whose structural group is genuinely infinite di- 
mensional. The first case belongs to the realm of classical symplectic geometry 
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and its study can be carried out by topological and Morse-theoretic methods, 
whereas the second case belongs to symplectic topology and requires analytic 
methods such Gromov-Witten invariants and versions of quantum homology 
which are relevant in the context of bundles. Our results tend to confirm that 
many properties of the first case still hold in the second one. They therefore fit 
in with the principle mentioned by Reznikov |51| that the group of symplecto- 
morphisms behaves like a Lie group. 

Our main conjecture is 

The rational cohomology of a bundle M c — > P — > B, with Ham(M, ui) 
for structure group, splits as the tensor product of the cohomology 
of the fiber with that of the base. In particular, the same split- 
ting occurs for any ruled symplectic manifold (P, Q) over a simply 
connected base. 

The section § |^ of this survey presents the results related to the finite di- 
mensional case, that were already known (Blanchard, Deligne, Kirwan, Atiyah- 
Bott). These results prove the above conjecture in the finite dimensional case 
and provide a good intuition of what should hold in general. The next section, 
§ U presents our results in the infinite dimensional case. These are established 
under some restrictions on the topology of the base, and lead to corollaries that 
apply to the general theory of ruled symplectic manifolds. 

It is still unclear whether our conjecture holds in the full generality in which 
it is stated, that is to say when the structure group is infinite dimensional 
and when no restrictions are placed on the topology of the base and fiber. 
However, our methods are sufficiently general to yield all known results in the 
finite dimensional case. More details about many of the results presented here, 
together with some applications to the action of Ham(M, ui) on M, can be found 
in 0. 

Before getting into these questions, it is useful to give a characterisation of 
ruled symplectic manifolds that holds when the base B is simply connected. 

2 Characterizing ruled symplectic manifolds 

A symplectic manifold (P, f2) is said to be ruled if P is a (locally trivial) fiber 
bundle over some base manifold B and the restriction of to each fiber is 
nondegenerate. It turns out that there is a close relation between such manifolds 
and Hamiltonian bundles. 

A fiber bundle M — ► P — ► B is said to be symplectic (resp. Hamiltonian) 
if, for some symplectic form u> on M, its structural group reduces to the group 
of symplectomorphisms Symp(M, ui) of (M, ui) (resp. to the group Ham(M, ui) 
of Hamiltonian diffeomorphisms of (M, u>)). In both cases, each fiber M{, = 
7r -1 (&) is equipped with a well defined symplectic form uij, such that (Mb,uib) 
is symplectomorphic to (M, ui) . It is easy to see that every ruled symplectic 
manifold may be given the structure of a symplectic fiber bundle. However, it is 
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not so obvious that when the base is simply connected this bundle can be taken 
Hamiltonian. 

Here is a geometric criteria for a symplectic bundle to be Hamiltonian, i.e. for 
the structural group to reduce to Ham(M, oj). Recall that the group Ham(M, u>) 
is a normal subgroup of the identity component Symp (M, uj) of the group of 
symplectomorphisms, and fits into the exact sequence 

{id} -► Ham(M,w) -> Symp (M,w) F -^ x i/ 1 (M,M)/r M -> 0, 

where rr w i is a countable group called the flux group. In particular, Ham(M, u>) 
is connected, which means that a Hamiltonian bundle is trivial over the 1- 
skeleton of the base. The following proposition was proved in jl3| Thm. 6.36 by 
a somewhat analytic argument and in JTo| by a more geometric one. 

Proposition 2.1 A symplectic bundle tt : P — > B is Hamiltonian if and only if 
the following conditions hold: 

(i) the restriction of w to the 1-skeleton B\ of B is symplectically trivial, and 

(ii) there is a cohomology class a £ H 2 {P, R) that restricts to [u>b] on Mb- 

When the spaces are smooth manifolds, a construction due to Thurston 
shows that the existence of the extension class a in (ii) above is equivalent to 
the existence of a closed form r on P that extends the family of forms w& on 
the fibers. Such a form r gives rise to a connection on the bundle P — > B 
whose horizontal distribution consists of the r-orthogonals to the fibers. In this 
language, the previous result can be reformulated as follows. 

Proposition 2.2 A symplectic bundle tt : P — > B is Hamiltonian if and only if 
the forms Wf, on the fibers have a closed extension r such that the holonomy of the 
corresponding connection around any loop in B lies in the identity component 
Sym Po (M) o/Symp(M). 

When the base is itself a symplectic manifold, we can add that form r to 
a sufficiently large multiple of the pull-back of the form on the base, which is 
then easily seen to be nondegenerate in all directions. This proves: 

Corollary 2.3 A Hamiltonian bundle over a symplectic base is a ruled symplec- 
tic manifold. Conversely, a ruled symplectic manifold over a simply connected 
base is a Hamiltonian bundle. 

However the two categories are not the same: the trivial Hamiltonian bundle 
M x S 1 is not ruled, while the Kodaira-Thurston manifold X that fibers over 
T 2 with nontrivial monodromy is ruled but not Hamiltonian. 
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3 The finite dimensional case 



We now consider the results in the finite dimensional case that were obtained in 
various contexts (Deligne in the algebraic case, Kirwan for circle actions using 
localisation techniques and Atiyah-Bott for torus actions). 

Suppose that the structural group of the Hamiltonian bundle (M, ui) 
P — » B can be reduced to a compact Lie group G C Ham(M, u>). This means 
that there is a representation of the group G in the group of all Hamiltonian 
diffeomorphisms of M, that is to say a Hamiltonian action of G on M. In this 
context, it is enough to consider the universal Hamiltonian G-bundle with fiber 
M 

M — > M G = EG x G M — > BG. 

The cohomology of P = Mq is known as the equivariant cohomology H G (M) 
of M. Kirwan showed in || that if G is the circle, the rational cohomology of 
the total space Mq is isomorphic to the tensor product of the rational coho- 
mology of M and the rational cohomology of BG (we will refer to this in the 
sequel by saying that the bundle Mq is c-split, i.e. it splits cohomologically) . 
This was proved by localisation techniques. A different argument was given by 
Atiyah-Bott in Q, establishing the same result when G is a torus of arbitrary 
dimension. The result for a general compact Lie group G follows by a more or 
less standard argument, starting either from Atiyah-Bott's result or from our 
infinite dimensional results (see next section). Here is the argument: 

Proposition 3.1 If G is a compact connected Lie group that acts in a Hamil- 
tonian way on M, then any bundle P — » B with fiber M and structural group 
G is c-split. In particular, 

H* G (M) = H*(M) ® H*(BG). 

Proof: It is enough to prove the second statement since 

Mq = EG x g M — > BG 

is the universal bundle. Every compact Lie group G is the image of a homomor- 
phism T x H — > G, where the torus T maps onto the identity component of the 
center of G and H is the semi-simple Lie group corresponding to the commutator 
subalgebra [Lie(G), Lie(G)] in the Lie algebra Lie(G). It is easy to see that this 
homomorphism induces a surjection on rational homology BT x BH — » BG. 
Therefore, we may suppose that G = T x H. Let T max = (S 1 ) k be the maxi- 
mal torus of the semi-simple group H. Then the induced map on cohomology 
H* (BH) -> H*(BT max ) = Q[a x , ...,a k ] takes H*(BH) bijectively onto the set 
of polynomials in H* (BT max ) that are invariant under the action of the Weyl 
group, by the Borel-Hirzebruch theorem. Hence the maps BT max — * BH and 
BT x BTmax — * BG induce a surjection on homology. Therefore the desired 
result follows from part (ii) of the following lemma: 
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Lemma 3.2 Consider a commutative diagram 

P' -> P 

i i 
B' ^ B 

where P' is the induced bundle. Then: 
(i) If P —> B is c-split so is P' -> B' . 

(ii) (Surjection Lemma) If P' — > £>' is c-split and H^{B') — > f/*(B) is 
surjective, then P — > £> is c-split. 

Proof: (i): Use the fact that, by the Leray-Hirsch theorem, P — > B is c-split 
if and only if the map B*(M) — ► B*(P) is injective. 

(ii): The induced map on the E^-term of the cohomology spectral sequences 
is injective. Therefore the existence of a nonzero differential in the spectral 
sequence P — > B implies that the corresponding differential for the pullback 
bundle P' — > B' does not vanish either. QED 

Smooth projective bundles constitute an interesting special case of the above 
proposition. The result in this case can be derived from the Deligne spectral 
sequence, or more generally by the following argument due to Blanchard Q. 
Let's call a smooth fiber bundle M P — > B c-Hamiltonian if there is a class 
a € B 2 (P) whose restriction clm to the fiber M is c-symplectic, i.e. (aju)" 7^ 
where 2n = dim(M). Recall that a closed manifold M is said to satisfy the hard 
Lefschetz condition with respect to the class au G H 2 (M, R) if the maps 

U(a M ) k : H n - k (M,R) -> H n+k (M,R), 1 < k < n, 

are isomorphisms. In this case, elements in H n ~ k {M) that vanish when cupped 
with (aM) k+1 are called primitive, and the cohomology of M has an additive 
basis consisting of elements of the form bU (omY where b is primitive and I > 0. 

Proposition 3.3 (Blanchard [Q]) Let M — ► P — ► B 6e a c-Hamiltonian bun- 
dle such that 7i"i (B) acts trivially on H* (A/, R) . J/ in addition M satisfies the 
hard Lefschetz condition with respect to the c-symplectic class au, then the bun- 
dle c-splits. 

Proof: The proof is by contradiction. Consider the Leray spectral sequence in 
cohomology and suppose that d p is the first non zero differential. Then, p > 2 
and the E p term in the spectral sequence is isomorphic to the E2 term and 
so can be identified with the tensor product H*(B) eg) H*{M). Because of the 
product structure on the spectral sequence, one of the differentials d®' 1 must be 
nonzero. So there is b £ E^" 1 = H l (M) such that d^ l (b) 7^ 0. We may assume 
that b is primitive (since these elements together with au generate H*(M).) 
Then b U a 7 ^ 1 ^ but b U a n M t+1 = 0. 
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We can write d p (b) = Y, • ej <g> fj where ej £ H*(B) and fj e H e (M) where 
I < i. Hence fj U d^~ l+ ^ for all j by the Lefschetz property. Moreover, 
because the E p term is a tensor product 

(d p (b)) u a -r +1 = E e ^ ® (/i u «m ^ °- 

3 

But this is impossible since this element is the image via d p of the trivial element 
b U a M . 

Here is another, perhaps easier, argument. Suppose d = d p is the first non- 
vanishing differential. It vanishes on H l {M) for i < p for reasons of dimension. 
Therefore, by the Lefschetz property it must vanish on H 2n ~ l (M) for these i. 
But then it has to vanish on iJ*(M) for p < i < 2p. For if not, take b in such 
H l {M) such that d(b) ^ 0. By Poincare duality there is c E H 2n ^(M) for 
< j < p such that d(b) Uc^O. But b U c = for reasons of dimension, and so 
bUd(c) ^ 0, a contradiction. It follows that d vanishes on i7 2n ~-? for p < j < 2p. 
Now consider the next block of i: 2p < i < 3p and so on. QED 

Another fundamental question about Hamiltonian bundles is that of their 
stability under small perturbations of the symplectic form on the fiber. If the 
bundle M — > P — > B has structure group Ham(M, u>) and uo 1 is some nearby 
form, an elemenatry argument (given in Lemma |4.6| below) shows that it can 
be given the structure group Symp (M, u>'). However, it is not at all obvious 
whether the latter group can be reduced to Ham(M, uj'). If this reduction is 
possible for all u)' close to w, the original Hamiltonian bundle is said to be 
stable. When the stuctural group is a compact Lie group, this clearly boils 
down to the following statement. 

Theorem 3.4 (Hamiltonian stability.) Let (M,ui) be a closed symplectic 
manifold, and let i : G — > Ham(M, to) be a continuous homomorphism defined 
on a compact Lie group. Then, for each perturbation lu' in some sufficiently 
small neighbourhood U of to in the space of all symplectic forms on M, there is 
a continuous homomorphism 

l Ham(M,a/) 
that varies continuously as the form lo' varies in U. 

Proof: We begin with a well-known averaging argument. Define r' to be the 
average of the forms i(g)*(u>'), i.e. set 

t'(v,w)= / t,(g)*(w')(v,w)dfjLG, v,w e T*(M), 
Jg 

where dfic is Haar measure. Since G is compact and i{g)*(un) = lo for all g G G, 
t' is a symplectic form whenever lo' is sufficiently close to to. Moreover, it is easy 
to see that t(g)*(r') = r' for all g e G. Thus l maps G into Symp(M, r'). But, 
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since i(G) is also contained in the connected group Ham(M, u>), the elements of 
G must act trivially on H 2 (M). Therefore r' is cohomologous to w' and hence 
equals f*{ui') where / is the time 1 map of some isotopy ft (again assuming 
that u)' is sufficiently close to u>.) Thus, the homomorphism 

<! '■ 9 >-> 

takes G to Symp (M, a/). 

It remains to show that this homomorphism d has image in Ham(M, u>'), in 
other words that the composite homomorphism 

G X Symp (M,w') ^ ^(M.RJ/T^ 

is zero. Since the target is an abelian group and G is compact, it suffices to 
consider the case when G is the circle. Observe also that = i T > and l — l^ are 
the same when considered as maps into Diff(A/). Therefore the same vector field 
X generates both 5' 1 -actions and we just need to show that the closed 1-form 
a T i which is r'-dual to X is actually exact. But each of its Morse-Bott singular 
sets have the same topology and index as does the corresponding singular set 
for the w-dual of X, since the underlying X is the same and r' is arbitrarily 
close to to. Since is exact, all these indices are even dimensional. Now if 
xq is a global minimum of a primitive H u of a u , then it is a local minimum 
of any local primitive of a T i. If 7 is any loop based at x$, it is easy to see 
that a T > must vanish, because otherwise the map t 1— » J3g\ ot T i would take 
different values at t = 1 and t = and then a standard minimax argument over 
the loops homotopic to 7 would yield a loop 70 such that the maximum value 
of the function 

rla(t) 

[0, 1] — > M, 1 1 ► / a T > 

J l0 (0) 

would occur at a critical point of a r > of odd index, a contradiction. QED 



4 The general case: quantum homology and ge- 
ometric induction on ruled symplectic mani- 
folds 

The methods developed in the finite dimensional case do not apply when the 
structural group Ham(M, ui) of a Hamiltonian bundle M <—* P — » B does not 
retract to a finite dimensional subgroup. Note that, even in examples as simple 
as S 2 x S 2 endowed with a generic symplectic structure, the Hamiltonian group 
does not retract to any Lie subgroup (see 0]). 

It turns out that quantum homology and the Gromov-Witten invariants can 
be used to derive properties concerning the ordinary homology of a Hamiltonian 
bundle in full generality, without any hypothesis on the structure group or on 
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the symplectic manifold (M,u>). It leads to a proof of the stability of ruled 
symplectic structures and other corollaries that we explain in the next sections. 

Basically, pseudoholomorphic techniques (quantum homology, GW-invar- 
iants) apply when the fiber of the Hamiltonian bundle is any compact sym- 
plectic manifold and the base is a 2-sphere. This means that the bundle is 
given by a loop in the group Ham(Af), which is generally not autonomous (i.e. 
it is a continuous map S 1 — > Ham(A/) that need not be a homomorphism) . 
In this case, as we explained in § |L there is a natural symplectic structure fi 
on the total space and we can first equip that space with an almost complex 
structure compatible both with O and with its restriction to fibers (this can be 
done in general when the base is any symplectic manifold) and then study the 
pseudo-holomorphic sections of 

tt: (P,fi,J)^(5 2 ,j) 

where j is the complex structure of S 2 . The moduli space of these sections can 
be used to pair the quantum homology of the M-fiber at say the north pole with 
the one at the south pole. The main point is that this pairing is nondegenerate, 
i.e. it induces an isomorphism between the two quantum homologies. It is then 
easy to show that this implies that the GW-invariant attached to any ordinary 
cycle in the fiber at the north pole, considered as a cycle in the total space P, 
cannot vanish if it does not vanish as a cycle in the fiber. In other words, the 
rational homology of the fiber injects inside the homology of P, which implies 
by the Leray-Hirsch theorem that P is c-split. 

We can then extend these results to Hamiltonian bundles defined over more 
general bases than S 2 by using three types of arguments: 

1) Analytic arguments that constitute a non-trivial generalisation of the analytic 
methods used over S 2 . Basically, these arguments prove the c-splitting of Hamil- 
tonian fiber bundles over any base B that has enough J-holomorphic rational 
curves; more precisely, one asks that that B has at least one non-vanishing ra- 
tional GW-invariant in some class A £ H 2 {B) of the form n(pt,pt, c\, . . . , c^.; A) 



where k > and the q's are any homology classes in B (see Proposition |4Tl|.). 

(2) Geometric arguments needed to iterate bundles; they lead to a proof that a 
Hamiltonian bundle over some base P c-splits if P is itself a Hamiltonian bundle 
M P — > B over a simply connected base B and if all Hamiltonian bundles 
having M or B as base c-split. 

(3) Topological arguments based on properties of spectral sequences of symplec- 
tic bundles. 



4.1 Bundles over S 2 

We begin by explaining this in more detail in the case of a Hamiltonian bundle 
over S 2 (this was proved in the semi-monotone case by the authors in collabo- 
ration with Polterovich in || and in the general case in |TT|.) 
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There is a correspondence between loops in the group of symplectic diffeo- 
morphisms and symplectic bundles over S 2 with fiber (M, uj). The correspon- 
dence is given by assigning to each symplectic loop </>te [0,1] m Symp (M) the 
bundle (M, u>) — > P$ — > 5 2 obtained by gluing a copy of x M with another 
D2 x M along their boundary in the following way: 

(2irt,x) 1 — ► (-27rt,0 t (x)). 

(Here D2 is the closed disc of radius 1 of the plane.) In what follows we always 
assume that the base S 2 is oriented, and with orientation induced from D^. 
Note that this correspondence can be reversed: given a symplectic bundle over 
the oriented 2-sphere together with an identification of one fiber with M, one 
can reconstruct the homotopy class of <p. 

An important topological tool for the study of such bundles is the Wang 
exact sequence: 

... -> fl^M.Z) % flj-(M,Z) A HjiP^Z) n[ i fl Hj_ 2 (M,Z) -» ... 

This sequence can be easily derived from the exact sequence of the pair (P^, M), 
where M is identified with a fiber of P^. The important point for us is that 
the boundary map Hj_i(M) — ► Hj(M) is precisely the trace homomorphism 
8$ that assigns to each cycle a the cycle {</>t(a) 1 1 £ [0, 1]}. Thus vanishes 
exactly when the inclusion i is injective or, equivalently, when the restriction 
map fl[M] is surjective. By the Leray-Hirsch theorem, this is equivalent to the 
c-splitting of the bundle. 

Theorem 4.1 Let (p be a Hamiltonian loop on a closed symplectic manifold 
(M,u>). Then the homomorphism i : H*(M,Q) — > H t (P^,,Q) is injective; that 
is to say, the bundle c-splits. 

We now briefly explain how the proof of this theorem proceeds. Since p : 
P^ — > S 2 is a Hamiltonian bundle it carries a natural deformation class of 
symplectic forms given by the weak coupling construction. Recall that the 
coupling class £ H 2 (P^,M.) is the (unique) class whose top power vanishes, 
and whose restriction to a fiber coincides with the cohomology class of the 
fiberwise symplectic structure. Let r be a positive generator of H 2 (S 2 ,Z). The 
deformation class above consists of symplectic forms which represent the 
cohomology class of the form + np*r (k >> 0) and extend the fiberwise 
symplectic structure. It is always possible to choose Q. so that it is a product 
with respect to the given product structure near the fibers Mo at £ and 
Moo at £ D2 ■ 

Besides the coupling class u^, the total space P<f, carries another canonical 
second cohomology class 

c = Cl (TP; CTt ) £H 2 (P^R) 
that is defined to be the first Chern class of the vertical tangent bundle. 
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Both classes u<j,, behave well under compositions of loops. More precisely, 
consider two elements <f>,ip € 7Ti(Ham(M, uj)) and their composite ijj * <p. This 
can be represented either by the product ip t ° <j>t or by the concatenation of 
loops. It is not hard to check that the bundle can be realised as the fiber 
sum P^^P^ obtained as follows. Let denote the fiber at G D% in P^ 

and M^ t o the fiber at G in P$. Cut out open product neighborhoods of 
each of these fibers and then glue the complements by an orientation reversing 
symplectomorphism of the boundary. The resulting space may be realised as 

D+ x M U^., S 1 x [-1,1] U aiM Da x M, 

where 

a0 ; _i(27rt,ar) = (27rt, -1, oty t i(2irt,l,ip t (x)) = (2wt,x), 

and this may clearly be identified with P^,*^. Set 

= D+ x M U S 1 x [-1, 1/2), = S* 1 x (-1/2, 1] U D% x M. 

The next lemma follows imediately from the construction of the coupling 
form via symplectic connections. 

Lemma 4.2 The classes u^^, and c^*§ are compatible with the decomposition 
Pip*4> = V l ) ) L)V ( f > in the sense that their restrictions to = (—1/2, 1/2) x 
S 1 x M equal the pullbacks of [uj] and C\(TM). 



We now explain the proof of Theorem 4.1 (sec || |Tl) for more details). 
Seidel's maps 

We start with the definition of the quantum cohomology ring of M. To 
simplify our formulas we will denote the first Chern class c\ (TM) of M by c. 

Let A be the usual (rational) Novikov ring of the group TL — H§ '(M, Z)/~ 
with valuation where B ~ B' if w(P> - B') = c(B - B') = 0, and let A R 
be the analogous (real) Novikov ring based on the group Hr = H§ (M, R)/ ~. 
Thus the elements of A have the form 

Ben 

where for each k there are only finitely many nonzero A B eQ with uj(B) < k, 
and the elements of Ar are 



se s , 



BeH R 

where 6 1 and there is a similar finiteness condition. [] Set QH*(M) = 
H*(M) ® A and QH*(M,Ar) = H*{M)®A R . Then QH*(M) is Z-graded with 

1 In ]l7| Seidel works with a simplified version of the Novikov ring A where the coefficients 
As affecting e B , B £ H, are elements of Z/2Z. However, his results extend in a staightforward 
way to the case of rational coefficients by taking into account orientations on the moduli spaces 
of pseudo-holomorphic curves. Let us emphasize that in our definition of A^j not only the 
coefficients Xb are real, but also the exponents B belong to a real vector space Hr. 
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deg(a<g>e s ) = deg(a)-2c(B). It is best to think of QH*(M, A R ) as Z/2Z-graded 
with 

QH W = H W (M) ® A R , QH odd = H odd (M) ® A R . 

With respect to the quantum intersection product both versions of quantum 
homology are graded-commutative rings with unit [M]. Further, the units in 
QH W (M,A R ) form a group QH eu {M,A R ) y - that acts on QH*(M,A R ) by quan- 
tum multiplication. 

Now we describe how Seidel arrives at an action of the loop cj> on the quantum 
homology of M. Denote by C the space of contractiblc loops in the manifold 
M . Fix a constant loop x* G C, and define a covering C of C with the base 
point X* as follows. Note first that a path between and a given loop x can 
be considered as a 2-disc u in M bounded by x. Then the covering C is defined 
by saying that two paths are equivalent if the 2-sphere S obtained by gluing 
the corresponding discs has w(S) — c(S) = 0. Thus the covering group of £ 
coincides with the abelian group TL. 

Let (f> = {4>t} be a loop of Hamiltonian diffeomorphisms. Because the orbits 
4>t{x),t G [0,1], of (f> are contractible (see Q), one can define a mapping : 
C — > C which takes the loop {x(t)} to a new loop {(f> t (x(t))}. Let be a lift 
of Tcf, to C. To choose such a lift one should specify a homotopy class of paths 
in C between the constant loop and an orbit of {(/>*}. It is not hard to see that 
in the language of symplectic bundles this choice of lift corresponds to a choice 
of an equivalence class a of sections of P$, where two sections are identified if 
their values under and u$ are equal. Thus the lift can be labelled T^^. 

Recall now that the Floer homology HF*(M) can be considered as the 
Novikov homology of the action functional on C. Therefore T^ )Cr defines a nat- 
ural automorphism (f^)* of HF*{M). Further, if $ : HF*(M) ->• HQ*(M) 
is the canonical isomorphism constructed in Piunikhin-Salamon-Schwartz jl4| , 
there is a corresponding automorphism 'I'^o- of QH^M) given by 

This gives rise to an action of the group of all pairs (<j>,cr) on QH*(M). 

Seidel shows in fl^| that when M satisfies a suitable semi-positivity condi- 
tion the map 

: QH*(M) QH*(M) 

is in fact induced by quantum multipication by an clement of QH eu (M) x that is 
formed from the moduli space of all J-holomorphic sections of P^. In our work 
we went backwards. We gave a new definition of the maps ^0 lCr that does not 
mention Floer homology and proved that they are isomorphisms by a direct 
gluing argument. Besides being easier to work with for general M, our version 
of the definition no longer restricts us to using the coefficients A via the covering 
C — > C. Instead we will consider the extension A R , which allowed us to define 
an action of the group m (Ham) itself (see Q ) . 

Let fi be a symplectic form on P^ that extends lu and is in the natural 
deformation class + «p*(r). As above, define an equivalence relation on 
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the set of homology classes of sections of P^ by identifying two such classes 
if their values under and are equal. Then, given a loop of Hamiltonian 
diffeomorphisms (f> on M, and an equivalence class of sections a of P^ with 
d = 2c0(<r), define a A- linear map 

: QH,(M) -» QH* +d (M) 

as follows. For a € H*(M,Z), ^0 )O -(a) is the class in QH*+d{M) whose inter- 
section with b £ P* (M, Z) is given by: 

*V(a)\&r&= n {i{ a )Mb);a + i(B))e B . 
Ben 

Here, we have written i for the homomorphism P» (M) — > P» (P) and • m I0r 
the linear extension to QP* (M) of the usual intersection pairing on P* (M, Q) . 
Thus a -m b — unless dim(a) + dim(fe) = 2n in which case it is the algebraic 
number of intersection points of the cycles. Further, n(v,w;D) denotes the 
Gromov-Witten invariant which counts isolated J-holomorphic stable curves in 
P$ of genus and two marked points that represent the equivalence class D and 
whose marked points go through given generic representatives of the classes v 
and w in ff*(P^,, Z). More precisely, one defines n(v, w; D) to be the intersection 
of the virtual moduli cycle 

eu:M ,2 V (P tt >,J,D)^P^ x P , 

that consists of all perturbed J-holomorphic genus stable maps that lie in class 
D and have 2 marked points, with a generic representative of the class v ® w in 
P<t> x P(f> ■ This definition is well understood provided M is spherically monotone 
or has minimal spherical Chern number N > n — 1. In the general case, one 
uses a version of the virtual moduli cycle for Gromov-Witten invariants that is 
adapted to the fibered structure: see JTT| . 

Note finally that, by Gromov compactness, there are for each given energy 
level k only finitely many homology classes D with uj{D — a) < n that are 
represented by J-holomorphic curves in P^. Thus ^/^, )(T (a) satisfies the finiteness 
condition for elements of QP* [M, A) . 

Since n(i(a),i(b); D) = unless 2c^(P) + dim(a) + dim(6) = 2n, we have 

where 

dim(a B ) = dim(a) + 2c (P) = dim(a) + 2c^{<r) + 2c(P). 
Observe also that 

When M is spherically monotone or has minimal spherical Chern number 
at least n — 1 the following two results are proved by Seidcl jL7|. The general 
case is established in pjj . 

2 The minimal spherical Chern number TV is the smallest nonnegative integer such that 
the image of c = ci(TM) on H^(M) is contained in NZ. The weakly exact case N = is 
also tractable by these standard methods. 
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Lemma 4.3 If <f> is the constant loop * and o~q is the flat section pt x S 2 of 
P„ = M x S 2 then ^*, CT0 is the identity map. 



Proposition 4.4 Given sections a of P$ and a' of P^ let (j'^a be the union 
of these sections in the fiber sum P^^P^ = P^*$. Then 

The main step in the proof of these statements is to show that when calcu- 
lating the Gromov-Witten invariant n(i(a), i(b); D) via the intersection between 
the virtual moduli cycle and the class i(a) ® i(b) we can assume the following: 

— the representative of i(a) ®i(b) has the form ax (3 where a, [3 are cycles lying 
in the fibers of P^; 

— the intersection occurs with elements in the top stratum of Ado,2^(P<p, J> D) 
consisting of sections of P^. 



In the semi-monotone case, Lemma 4.3 is then almost immediate \ [ and Propo- 



sition 4.4 can be proved by the well-known gluing techniques of |I16| or p2f 



Corollary 4.5 ^^ i<T is an isomorphism for all loops <j) and sections a . 



With this in hand, we can establish the proof of Theorem 4.1 in the following 
way. The Gromov-Witten invariants are linear in each variable. Thus if i(a) = 
for some a ^ 0, then ^ ^^(a) — 0, a contradiction with the fact that ^0,^ is an 
isomorphism. QED 



4.2 General stability 

It turns out that the fact that all Hamiltonian bundles over S 2 are c-split is 
enough to establish the stability of general Hamiltonian bundles over any base. 
This is what we now explain. 

Let 7r : P — > B be a symplectic bundle with closed fiber (M, uj) and compact 
base B. Moser's homotopy argument implies that this bundle has the following 
stability property. 

Lemma 4.6 There is an open neighborhood hi of lo in the space S{M) of all 
symplectic forms such that ir : P —> B may be naturally considered as a sym- 
plectic bundle with fiber [M,oj') for all w 1 G U . 

Proof: First recall that for every symplectic structure u>' on M there is a Serre 
fibration 

Symp(M,a/) — > Diff(M) — > S u >, 

3 The proof of the first lemma is surprisingly hard in the general case. The difficulty lies 
in showing that invariants in classes A + B with B 7^ £ H2(M) do not contribute. The 
reason is that such curves can never be isolated: they are graphs, and reparametrizations of 
the map to M give rise to families of graphs. However, to see this in the general case involves 
constructing a virtual moduli cycle that is invariant under an S 1 -action. See llfl. 
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where S u > is the space of all symplectic structures on M that are diffeomorphic 
to At the level of classifying spaces, this gives a homotopy fibration 

S u > ^ BSymp(M , a/) — ► BDiff(Af). 

Any fiber bundle P — > B with fiber M is classified by a map B — > _BDiff(Af), 
and isomorphism classes of symplectic structures on it with fiber (M, to') corre- 
spond to homotopy classes of sections of the associated bundle W(lo') — > £? with 
fiber iS^' . If we are given a finite set of local trivializations T, : 7r~ 1 (Vi ) — » ViXM, 
the transition functions of P are maps </>y : ViDVj — ► Diff(M). We can of course 
choose them with values in Symp(Af, to) if the TVs are chosen compatible with 
the w-structure on the bundle, but this is not necessary. Then the same transi- 
tion functions can be used to define the bundle S^i <— ► W(uj') — > £>, whatever 
the symplectic structure a/ may be. 

Therefore, we are given a section a of W(cj) and our task is to show how to 
construct from it a smooth family of sections o^ 1 of the bundles W(tu') for all 
u>' near u>. Let o~i be the restriction of a over Vi. Then (Tj)*crj is a smooth map 
Vi — ► 5 W (constant and equal to a; if the </>y are chosen in Symp(Af, ui)). For 
each a;' near w and b € Vi consider the symplectic form 

a , i (b) = (T i )- l ((T i )4<n(b))+u>'-u) 

on Mi, (this is simply (T i )^ 1 (ti> / ) if the transition functions have values in 
Symp(M, uo)). This is cohomologous to ui', and because of the openness of 
the symplectic nondegeneracy condition will belong to the fiber of W(lo') at 6, 
whenever u>' is sufficiently close to oj. Therefore, a[ is a section of W(oj') over 
Vi. Morever, if b G H^iVi for some index set / = lb, the convex hull of the 
forms Cj'(fo), i G h, will consist entirely of symplectic forms isotopic to to' and so 
will lie in the fiber of W(cu') at b, again provided that u' is sufficiently close to 
u>. Hence if pi is a partition of unity subordinate to the cover Vi, the formula 

i 

defines a section of W(co'). QED 

Thus the set 5 T (M) of symplectic forms on M, with respect to which 7r is 
symplectic, is open. The aim of this paragraph is to show that a corresponding 
statement is true for Hamiltonian bundles, in other words that Hamiltonian 
bundles are stable. We begin with the following lemmas. 

Lemma 4.7 A Hamiltonian bundle ir : P — > B is stable if and only if the 
restriction map H 2 (P) — > H (M) is surjective. 

Proof: If 7r : P — > B is Hamiltonian with respect to oj' then by Proposition |2.l| 
[w'] is in the image of H 2 (P) — > H 2 {M). If 7r is stable, then [u/] fills out a 
neighborhood of [u>] which implies surjectivity. Conversely, suppose that we 

4 Note that one uses Moser's argument to prove that this is a Serre fibration. 
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have surjectivity. Then the second condition of Proposition 2.1 is satisfied. To 
check (i) let 7 : S 1 — » B be a loop in £? and suppose that 7*(P) is identified 
symplectically with the product bundle S 1 x (M, oj). Let uit,0 < t < e, be a 
(short) smooth path with ojq — oj. Then, because P — ► -B has the structure of 
an w t -symplectic bundle for each t, each fiber Mb has a corresponding smooth 
family of symplectic forms u>b.t of the form g£ t ijj£(u)t), where ipb is a symplec- 
tomorphism (Mb,u>b) — ► (M, w). Hence, for each t, 7*(-P) can be symplectically 



identified with 



u 



({ s }x(m, 5 ;> 4 ))), 

s£[0,l] 

where gr* t (o;t) = Wt and the g^t lie in an arbitrarily small neighborhood {/ of 
the identity in Diff(Af). By Moser's homotopy argument, we can choose U so 
small that each g\ jt is isotopic to the identity in the group Symp(Af, u> t ). This 
proves (i). QED 

Lemma 4.8 (i) Every Hamiltonian bundle over S 2 is stable. 

(ii) Every symplectic bundle over a 2- connected base B is Hamiltonian stable. 

Proof: (i) holds because every Hamiltonian bundle over S 2 is c-split, in par- 
ticular the restriction map H 2 (P) -> H 2 (M) is surjective . (ii) follows fr om the 
fact that a symplectic bundle over a 2-connected base is automatically Hamil- 
tonian since the relative homotopy groups 7Ti(Symp(Af), Ham(M)), i > 2, all 
vanish. (See |]l0) for more details.) QED 

Proposition 4.9 Every Hamiltonian bundle is stable. 

Proof: First note that we can restrict to the case when B is simply con- 
nected. For the map B — » B Ham(M) classifying P factors through a map 
C — > _BHam(Af), where C = BjB\ as before, and the stability of the induced 



bundle over C implies that for the original bundle by Lemma 4.7. 

Next note that by the same lemma a Hamiltonian bundle P — > B is stable 
if and only if the differentials d°' 2 : E^' 2 — > E^~ k in its Leray cohomology 
spectral sequence vanish on the whole of H 2 (M) for k — 2,3. But it is easy to 
see that we can reduce the statement for d^ 2 to the case B = S 2 . Thus e^' 2 = 



by Lemma |4.8|(i). Similarly, we can reduce the statement for dS' 2 to the case 



B = S 3 and then use Lemma 4.S (ii). For more details, see |T(|. QED 

It is then easy to extend the result of § ^ to the case when the group Ham( M) 
does not retract to a finite dimensional Lie subgroup: 

Theorem 4.10 Let (M,u>) be a closed symplectic manifold, and let 1 : X — > 
Ham(Af, uS) be a continuous map defined on a finite CW-complex X. Then, 
for each perturbation oj' in some sufficiently small neighbourhood U of lo in the 
space of all symplectic forms on M , there is a map 

l' : X -> Ham(M , oj') 

that varies continuously as the form oj' varies in U. 
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Here is the proof. Given l, construct the Hamiltonian bundle (M, ui) — > P — > 
X x S 1 by considering the direct product (X x [0, 1]) x (M,u>) and identifying 
the ends by the map 

4>: {X x {0}) x (M,lu) -> (Xx{l})x(M,w) 
0,0,2/) >-> 0, 

Since i is Hamiltonian, $ is a Hamiltonian automorphism of X x (M, w) and 



therefore P is a Hamiltonian bundle. By Proposition 4.9, the Hamiltonian 
structure on P persists and varies continuously as lu varies in some open neigh- 
borhood U of S(M). For u' £ U, denote by (P(lu'),tt, {a'}) the corresponding 
Hamiltonian structure. Consider the restriction of P(lu') to each time t G S 1 . 
This gives a Hamiltonian bundle [M, lu') <—* Pt(u>') X t = X x {t}, which for 
u>' = lu has the trivial (i.e. product) Hamiltonian structure. We showed in jlO| 
that such structures are classified by maps iri(X t ) — > T u > and in |9] that the 
rank of T u i is finite and locally constant. Thus because the map 7Ti(X t ) — > T u i 
is zero for u>' = lu and since it depends continuously on lu' , we conclude that it 
must be zero for all lu' and t, i.e. the induced Hamiltonian structure on Pt(w') 
is trivial for each t and in particular for t = 0, 1. This means that P(w') is de- 
fined as the quotient of (X x [0, 1]) x (M, lu') by an automorphism of the trivial 
Hamiltonian bundle 

^ : (X x {0}) x (M,</) -► (X x {1}) x (M,uj'), 

which is homotopic to a map i! : X — > Ham(A/, w'). 

Here is a second more direct proof. First observe that if K is any compact set 
of Symp(Af, lu), then for all lu' S 5(M) sufficiently close to lu, Moser's argument 
gives a canonical map 

$a»,o)' : ^ -> Symp(Af,w') 

defined by precomposing each map / 6 if by a diffeomorphism gf oi M such 
that g*f{f*Lu') = lu'. Here g is the diffeomorphism corresponding to the isotopy 
cjj = to/ + (1 — t)f*(ui'). Because K is compact, one can indeed choose a small 
enough neighborhood U of lu in S(M) so that such a segment is nondegenerate 
for all lu' e U. 

Choosing K to be the image of l, we get a map 3> w , w ' ot : _B — > Symp(M, w'). 
The map o t homotops into Ham(M, lu') if and only if the elements in 

(<£> WA / o l)*(tti(B)) lie in the kernel of the homomorphism 

Flux w / : 7Ti(Symp (M,a/)) H\M,R). 

In fact the flux homomorphism Flux u / is defined on 7Ti(Diff (M)), and so, since 
$ct),k>' t is homotopic to i as maps to Diff(M), it suffices to show that Flux w / 
vanishes on the elements of t»(7Ti(B)). But Flux w vanishes on t»(7Ti(P)) by 
construction, and so Flux^/ also vanishes on these elements by the "stability of 
Hamiltonian loops" in ffl. This is just another way of expressing the stability 
of Hamiltonian structures over S 2 . To see this, let = t*(7) be the image of a 
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loop 7 in B, and consider the associated bundle Pq — > S 2 constructed using <f> as 
clutching map. Then, for any closed form r on M, symplectic or not, Flux r (0) 
is nothing other than the value of the Wang differential d<f, of this bundle on the 
class [t]. The stability of — > S 2 implies that d^Qu)')) = 0, and therefore 

FW(0) =df([u']) = 0, 

as required. 



4.3 From S 2 to more general bases, using analytic argu- 
ments 

Proposition 4.11 Let (M,u) be a closed symplectic manifold, and M <— > P — > 
B a Hamiltonian bundle over a CW-complex B . Then the rational cohomology 
of P splits if the base has the homotopy type of a symplectic manifold W for 
which some spherical Gromov-Witten invariant nw(pt,pt, c%, . . . ,Ck',A) does 
not vanish, where k > 0, A e H2(W; Z) and the c^s are any cycles in W . 

Note that spaces satisfying the above condition include all products of com- 
plex projective spaces and their blow-ups. 



A special case of this proposition was proved in (lOj, and the general case 
will appear in M . The proof is a generalization of the arguments in || [ll] . The 
idea is to show that moduli spaces of J-holomorphic curves in ruled symplectic 
manifolds P behave like fibered moduli spaces, which implies that appropriate 
GW-invariants in P are equal to the product of a GW-invariant of the base 
with a GW-invariant of the fiber. Indeed, suppose that M <-> P — > B is a 
Hamiltonian fiber bundle over a symplectic manifold B and assume that B 
contains a spherical class A with a non-zero Gromov-Witten invariant of the 
form n,B(pt,pt, ci, . . . , Ck',A). Recall that this invariant counts the number of 
J-curves in class A that pass through two generic points and through generic 
representatives of the classes ci,... , Cfc. Let C be such a rational J-curve. 
We have explained above that the restriction Pq of P to the curve C is a 
Hamiltonian fiber bundle that c-splits. recall that this c-splitting was shown by 
taking two M -fibers Mq,Moo in Pc and by finding, for each cycle a G Mq, a 
cycle b = b{a) £ such that the GW-invariant in Pc 

np c (i(a),L(b);o-) 

does not vanish. (Here t denotes the inclusion of the fiber in Pc, a is some 
homology class of sections of Pc — > C = S 2 and np c counts the number of J- 
holomorphic curves in class a passing through t(a) and i(b).) This implies that 
t(a) cannot vanish, and therefore Pc c-splits by the Leray-Hirsch theorem. Now 
take an almost complex structure J' on P such that the projection ir : P — > B 
is (J', J)-holomorphic and consider the invariant in P 

n P (b'(a), i'(b), 7r _1 (ci), . . . , 7r _1 (c fe ); lp c ,p(<j)) 
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where tt is the projecton P — » B, i' denotes the inclusion of the fiber in P, and 
Lp c .p is the inclusion of Pc in P. It is not hard to see, at least when the moduli 
spaces are well-behaved, that this last invariant must be equal to the sum, 
taken over the rational curves C appearing in ns(pt,pt, ci, . . . , Ck',A), of the 
corresponding numbers np c (t(a), i(b); a), with signs according to orientations 
in the moduli space. But because the Hamiltonian bundles Pc and Pc are 
isomorphic when C and C are homologous in B, this sum is actually the product 

n B {pt,pt,a, . . . ,c k ; A) x n Pc (t(a), a) 

which does not vanish. 

Therefore i'(a) cannot vanish either and the bundle P c-splits. 

4.4 Iterating bundles: geometric arguments 

Let M <—* P — > B be a Hamiltonian bundle over a simply connected base B 
and assume that all Hamiltonian bundles over M as well as over B c-split. We 
explain in this section that any Hamiltonian bundle over P must also be c-split. 
This provides a powerful recursive argument that extends c-splitting results to 
much more general bases. 

We begin with some trivial observations and then discuss composites of 
Hamiltonian bundles. The first lemma is true for any class of bundles with 
specified structural group. 

Lemma 4.12 Suppose that tt : P — > B is Hamiltonian and that g : B' — > B is 
a continuous map. Then the induced bundle it' : g*{P) — > B' is Hamiltonian. 

Recall that any extension r of the forms on the fibers is called a connection 
form. 

Lemma 4.13 If P — > B is a smooth Hamiltonian fiber bundle over a symplectic 
base (B, a) and if P is compact then there is a connection form fi K on P that 
is symplectic. 

Proof: The bundle P carries a closed connection form r. Since P is compact, 
the form Q K = r + K7r*(cr) is symplectic for large n. QED 

Observe that the deformation type of the form £1 K is unique for sufficiently 
large k since given any two closed connection forms r, r' the linear isotopy 

tT+(l-t)T' + KTT*((7), 0<t<l, 

consists of symplectic forms for sufficiently large k. However, it can happen that 
there is a symplectic connection form r such that r + kit* (a) is not symplectic 
for small k > 0, even though it is symplectic for large k. (For example, suppose 
P = M x B and that t is the sum lo + tt*(lob) where lob + c is not symplectic.) 
Let us now consider the behavior of Hamiltonian bundles under composition. 

If 

(M,w) -> P 7 ^ X, and (F, a) -► X ^ B 
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are Hamiltonian fiber bundles, then the restriction 



TT P : W = Hp 1 {F) — >F 

is a Hamiltonian fiber bundle. Since F is a manifold, we can assume without 
loss of generality that W — » F is smooth. Moreover, the manifold W carries a 
symplectic connection form ft^y, and it is natural to ask when the composite 
map 7T : P — > B with fiber (W, ftyp) ^ s itself Hamiltonian. 

Lemma 4.14 Suppose that B is a simply connected CW-complex and that P is 
compact. Then ir — irx ° irp : P —> B is a Hamiltonian fiber bundle with fiber 
(W, fi^-)) where ft^ = tw + K7Tp(cr), tw/ is any symplectic connection form on 
W , and k is sufficiently large. 

Proof: We may assume that the base B as well as the bundles are smooth. 
Let Tp (resp. tx) be a closed connection form with respect to the bundle irp, 
(resp. irx), and let tw be its restriction to W. Then ft w is the restriction to 
W of the closed form 

ftp = T P + ktt* p (tx). 

By increasing k if necessary we can ensure that ft p restricts to a symplectic 
form on every fiber of ir not just on the the chosen fiber W. This shows firstly 
that ir : P — > B is symplectic, because there is a well defined symplectic form 
on each of its fibers, and secondly that it is Hamiltonian with respect to this 
form ft w on the fiber W . Hence Lemma 4.7 implies that H 2 (P) surjects onto 
H 2 {W). 

Now suppose that tw is any closed connection form on irp : W — > F. 
Because the restriction map H 2 (P) — > H 2 (W) is surjective, the cohomology 
class [tw] is the restriction of a class on P and so, by Thurston's construction, 
the form tw can be extended to a closed connection form Tp for the bundle irp. 
Therefore the previous argument applies in this case too. QED 

Now let us consider the general situation, when ni(B) 0. The proof of 
the lemma above applies to show that the composite bundle ir : P — * B is 
symplectic with respect to suitable ft^y and that it has a symplectic connection 
form. However, even though irx '■ X — » B is symplectically trivial over the 
1-skeleton B\ the same may not be true of the composite map ir : P — > B. 
Moreover, in general it is not clear whether triviality with respect to one form 
ft^Y implies that for another. Therefore, we may conclude the following: 

Proposition 4.15 If(M, oj) -> P x, and (F,a) -> X -5 B are Hamiltonian 
fiber bundles and P is compact, then the composite ir = irx o ftp : P —> B is a 
symplectic fiber bundle with respect to any form ftyy on its fiber W — 7r -1 (p£) ; 
provided that k is sufficiently large. Moreover if ir is symplectically trivial over 
the 1-skeleton of B with respect to ft 1 ^ then ir is Hamiltonian. 

In practice, we will apply these results in cases where ir\(B) = 0. We will 
not specify the precise form on W, assuming that it is ft^y for a suitable k. 
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Lemma 4.16 If (Af, cj) P —> B is a compact Hamiltonian bundle over a 
simply connected CW- complex B and if every Hamiltonian fiber bundle over M 
and B is c-split, then every Hamiltonian bundle over P is c-split. 

Proof: Let tte ■ E — > P be a Hamiltonian bundle with fiber F and let 

F —> W —> M 

be its restriction over M. Then by assumption the latter bundle c-splits so 



that H*(F) injects into H*(W). Lemma 4.14 implies that the composite bundle 



E — > B is Hamiltonian with fiber W and therefore also c-splits. Hence H*(W) 
injects into H*(E). Thus H*(F) injects into H*(E), as required. QED 



4.5 Topological arguments 

We now put together the results and methods of the last subsections about 
c-splitting. For more details see fiof . 

Lemma 4.17 7/E is a closed orientable surface then any Hamiltonian bundle 
over S 2 x . . . x S 2 x E is c-split. 

Proof: Consider any degree one map / from E — > S 2 . Because Ham(M, u>) 
is connected, B Ham(Af , oj) is simply connected, and therefore any homotopy 
class of maps from E — » B Ham(Af, uS) factors through /. Thus any Hamiltonian 
bundle over E is the pullback by / of a Hamiltonian bundle over S 2 . Because 
such bundles c-split over S 2 , the same is true over E by Lemma |3.2|(z) . 

The statement for S 2 x . . . x S 2 x E is now a direct consequence of iterative 



applications of Lemma 4.16 applied to the trivial bundles S 2 x . . . x S 2 x E — > 5 2 . 
QED 

Corollary 4.18 Any Hamiltonian bundle over S 2 x . . . x S 2 x S 1 is c-split. 

Proof: Consider the maps S 1 — > T 2 — > S 1 given by inclusion on the first factor 
and projection onto the first factor. Their composition is the identity. Extend 
them to maps 

S 2 x . . . x S 2 x S 1 -> S 2 x . . . x S 2 x T 2 -> S 2 x . . . x S 2 x S 1 . 

by multiplying with the identity on the S 2 factors. Then a Hamiltonian bundle 
P on S 2 x x S 2 x S 1 pulls-back to a c-split bundle P' on S 2 x . . . x S 2 x T 2 
by Lemma 4.17 . By naturality, its pull-back P" to S 2 x . . . x S 2 x S 1 is c-split. 



But P" = P. QED 

Proposition 4.19 For each k > 1, every Hamiltonian bundle over S k c-splits. 
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Proof: By Lemma 4.17 and Corollary 4.18 there is for each k a fc-dimensional 



closed manifold X such that every Hamiltonian bundle over X c-splits. Given 
any Hamiltonian bundle P — > S k consider its pullback to X by a map / : X — > 
S k of degree 1. Since the pullback c-splits, the original bundle does too by 
Lemmagn). QED 

By the Wang exact sequence, this implies that the action of the homology 
groups of Ham(Af) on i2*(M) is always trivial. 

Here are some other examples of situations in which Hamiltonian bundles 
are c-split. 

Lemma 4.20 Every Hamiltonian bundle over CP™ 1 x . . . x <CP nk c-splits. 



Proof: This is an obvious application of Lemma 4.16. QED 



Lemma 4.21 Every Hamiltonian bundle over a compact CW-complex of di- 
mension < 3 c-splits. 

Proof: This is because one can first assume that B is simply-connected and 
then construct a homology surjection B' — » B where B' is a wedge of 2 and 
3-spheres. QED 

Proposition 4.22 Every Hamiltonian bundle over a product of spheres c-splits, 
provided that there are no more than 3 copies of S 1 . 

Proof: By hypothesis B = ]J ieI S 2nu x l\ jeJ S 2n * +1 x T k , where n % > and 
< k < 3. Set 

B' = Y[CP m * x Yl CP™' x Tl J l x T\ 
iei jeJ 

where £ — k if k + | J| is even and = k + 1 otherwise. Since CP 7li x S 1 maps 
onto S 2rii+1 by a map of degree 1, there is a homology surjection B' — > B that 
maps the factor T l to T k . By the surjection lemma, it suffices to show that the 
pullback bundle P' — > B' is c-split. 
Consider the fibration 

Tl J l xT l ->B' -> [J CP" 1 * x Y[ CP"'. 

iei jeJ 

Since | J| +£ is even, we can think of this as a Hamiltonian bundle. Moreover, by 
construction, the restriction of the bundle P' — > B' to T' J ' x is the pullback 
of a bundle over T k , since the map T' j — > P is nullhomotopic. (Note that each 
S 1 factor in Tl J l goes into a different sphere in B.) Because k < 3, the bundle 



over T fe c-splits. Hence we can apply the argument in Lemma 4.16 to conclude 



that P' -> P' c-splits. QED 
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Corollary 4.23 Let B be a simply connected Lie group, or more generally any 
H-space whose rational fundamental group has rank less than 4 and whose ho- 
motopy groups are finitely generated in each dimension. Then c-splitting holds 
for all Hamiltonian bundles over B. 

Proof: Let B be such a H-space. By the theory of minimal models (see 
[[| for instance) which applies in this case because the fundamental group of 
B acts trivially on all higher homotopy groups, the rational cohomology of B 
is generated as a Q-vector space by cup-products of elements that pair non- 
trivially with spheres, ie each a S H*(B,Q) can be written as a cup product 
UiOi's where there is for each i a spherical class a* in rational homology with 
o-i(cti) 7^ 0. If we denote by the same symbol CKj : S ni — * B a map that realises 
a non-zero multiple of the class c^, then the obvious map V^o^ : \/iS 7li — > B 
extends to a map <p a defined on the product of these spheres that pulls back 
the element a to a generator of the top rational cohomology group. If there 
were a Hamiltonian bundle P over B that did not c-split, there would be an 
element of lowest degree a £ H*(B; Q) with non-zero differential in the spectral 
sequence of P and therefore the differential of the corresponding top element of 
H*(HiS ni ) in the spectral sequence of the pull back bundle 4>* a {P) would not 
vanish either. But this contradicts the c-splitting established in the previous 
proposition. QED 

In particular, Hamiltonian fibrations c-split over the loop space fLY of any 
simply connected CW-complex X with i^iX of small enough rank. It is not at 
all clear how to go from this fact to c-splitting over X. The paper Jl0| contains 
an extensive discussion of what can be proved when X has dimension 4. 

Lemma 4.24 Every Hamiltonian bundle over a coadjoint orbit c-splits. 

Proof: This follows immediately from the remarks in Grossberg-Karshon 0§3 
about Bott towers. A Bott tower is an iterated bundle M k — » M k _i —►..._> 
Mi — S 2 of Kahler manifolds where each map M i+1 — > Mj is a bundle with fiber 
S 2 . They show that any coadjoint orbit X can be blown up to a manifold that 
is diffeomorphic to a Bott tower M k . Moreover the blowdown map M k — » X 
induces a surjection on rational homology. Every Hamiltonian bundle over M k 



c-splits by repeated applications of Lemma 4.16. Hence the result follows from 



the surjection lemma. QED 



5 Applications to ruled symplectic manifolds 

Theorem 5.1 Obstructions to the existence of ruled symplectic struc- 
tures. Let M be a closed manifold and P a smooth fiber bundle with fiber M 
over a simply connected manifold B and assume that B is either a compact CW- 
complex of dimension less than A or is a product of complex projective spaces, 

5 We are grateful to Jaroslaw Kedra who pointed out a variant of this argument to us. 
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of spheres and of coadjoint orbits of arbitrary dimensions. Denote by I the 
inclusion of the fiber in P. Then the non-vanishing of the kernel of 

i, : ff«(Af) ->#*(P) 

is an obstruction to the existence of a ruled symplectic structure on P. 

By the Leray-Hirsch theorem, the vanishing of the kernel in the theorem 
above amounts to the cohomological splitting H tf (P) — H*(B) <g> H*{M). Thus 
this last result may be stated as follows: under the given conditions on B, 
a ruled structure exists on P only if P splits cohomologically. This imposes 
strong topological constraints on the construction of ruled symplectic manifolds 
by twisted products of two given ones. 



Theorem 5.1 is an immediate corollary of our results about c-splitting and of 
the characterization of Hamiltonian fiber bundles over simply connected bases in 
terms of the existence of a closed extension to the total space of the symplectic 
forms on the fibers. This characterization also implies the following version of 
Hamiltonian stability. 

Theorem 5.2 Stability of ruled symplectic structures. Let M <^-> P —> 
B be a smooth compact fiber bundle over a simply connected manifold B. Sup- 
pose that P admits a ruled symplectic structure fl, that restricts to uj on the 
M -fiber. Then the ruled symplectic structure on P persists under small defor- 
mations of uj, i.e. there is a neighborhood IA of ' uj in the space of all symplectic 
forms on M such that each uj 1 6 IA extends to a ruled symplectic structure Q' 
on P, which varies continuously as uj' varies in IA. 

Observe that the above theorem remains true for arbitrary bases B provided 
that P — > B is symplectically trivial over the 1-skeleton of B. 



6 Concluding remarks 

It is still unclear whether every Hamiltonian fiber bundle over any compact CW- 
complex c-splits. One of the simplest unknown cases is a Hamiltonian bundle 
(M, ft) —y P — > B with base the 4-torus and with fiber a symplectic 4-manifold 
that does not satisfy specific properties like the hard Lefschetz property. The 



problem here is that, if one tries to apply Lemma 4.16 to (M,uj) — > P — > B 
with B = T 4 given itself as a bundle T 2 — > T 4 A T 2 , then nothing guarantees 
that the composite fibration W — » P T 2 is trivial over the 1-skeleton of 
the base. In fact, the structural group of the composite fibration may well be 
a disconnected subgroup of the symplectomorphism group of the fiber W = 
(it o p)^ 1 (pt). Note, however, that because all Hamiltonian fibrations over T 3 
c-split, we do know that the elements of this subgroup act trivially on the 
cohomology of W. This raises the interesting question of whether one can 
extend our results on c-splitting for Hamiltonian bundles to certain disconnected 
extensions of the Hamiltonian group. We have no techniques at present to deal 
with this question, since bundles over T 2 need not admit any J-holomorphic 
sections. 
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